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MM-405: Differential Equations-I
Time: 3 Hours] [Max. Marks: 80

Note: Attempt five questions in all, selecting one question from each section.
Qucstion No. 1is compulsory.,

I(a) Explain a 0.0001-approximate solution of an initial value problem (IVP). 2

(b) Is every uniformly continuous function on an interval 1 equicontinuous? Justify | 2
your answer by citing an example.

(c) Find a fundamental matrix of the linear system 2
x3(t) =34 log(t) x, (1), x;(t) = 4 t* x,(¢).

(d) Find a normalized form of a differential equation whose fundamental set is | 2
{2x%, e™3] over the interval (1, o).

(e) If x(t) € R™ over an interval /, then prove that 2

b b
f x(©de|[ < f lx(e) e

® Verify Lagrange’s identity for an example of third order linear differential | 2
equation.

(8) Given a differential equation 2
dy_ D | 62 sinx y = x?
Py 5x Iog:ru-i-fmx sinxy = x°
Find its equivalent system of ODEs.

(h) Explain maximal and minimal solutions by giving one example of each. 2

Section — 1
[1(a) State the conditions under which for an initial value problem 8

dy . 3 .
;i = f(x.y), y(xy) =y, , there exists a sequence of approximate solutions
= 5 :

which is uniformly convergent on some interval [a, b]. Prove the so stated
result.

(b) Solve the initial value problem x'(t) = 6x® + 5x — 20,x(0) = ¢ by method | 8
of successive approximations.

[1l(a) | When will an IVP have a unique solution? Prove your claim. 8

(b) Prove that every equicontinuous and uniformly bounded sequence of functions | 8
defined on a bounded interval 1 has a subsequence which is uniformly
convergent on I,

Section — 11

[V(a) | Let Y(t) be a continuous n Xn matrix function defined on a closed and | 8
bounded interval 1. Prove that there exists a unique solution of the initial value
problem

‘() =¥ (t)x(t), x(t,) ==xyt,ty €1;0nl

(b) Define adjoint system of a linear system of ODEs and then derive its | 8
fundamental matrix. Is there any relation between the fundamental matrices of
these two systems?




V(a) Prove that every fundamental matrix of a periodic linear system of ODEs can | 8
be written as a product of a periodic non-singular matrix, with same period, and
e®C, where C is a constant matrix.

b ; . ; '(t t ¢
®) Find the solution of the linear system (x’ ,( )) = (4 2) (xl( )) + ( g ) 8
x5'(t) 0 3/\x;(2) e”*
x1(0)) _(1
such that (12(9] = (1) :
Section — 11

VI (a) | If fq, f>, -, f,are n solutions of the equation 8
L, x(t) = 0 on [a,b], then prove that their wronskian is either zero everywhere
or nowhere on [a, b].

(b) | Given n real constants and a homogeneous linear differential equation of order | 8
n, then show that there exists a solution whose value and values of its first (n-1)
derivatives at some fixed point are the given real constants.

VII(a) | Find the general solution of the differential equation 8

(3 —xD)y"(x) —(x¥+2x?—2x)y' (D) + (2x* + 2x—2)y=10
by reducing its order.

(b) |If 4,4, ..,A, are the distinct characteristic roots, with multiplicities | 8
my,m,, ..., m, respectively,
of the differential equation with constant coefficients

x{ﬂ} + bl‘xl!’l-i_‘! + -4 bnx = 01
then prove that its fundamental set is given by
theth (k = 0,1,2,..,m; — ;i = 1,2,...,5).
Section — 1V
VIII Let £ € (C, Lip)in a domain D of the (n+1)-dimensional (t, x) space, 16
f.exists and £, € C on D and suppose that ¥ is solution of
x"(t) = f(t,x)on an interval I = [a,b].
Prove that there exists a > 0 such that for
any (1,¢) € U, where
Us:a<t<b|E—yr)l< é
there exists a unique solution ¢ of the {given differential equation on I with
o{z,7,&) = & . Also prove that ¢ € C’on the (n+2)- dimensional set
V: a<t<b,(1,¢) € Uand moreover
detgg(t,1,8) = exp[f: trf. (s, o(s 1, {))ds].

[X(a) | Prove that any nth order non-linear differential equation can be expressed in | 8
terms of a system of differential equations.

State and prove Nagumo’s theorem. 8

(b)




